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In superconductors with strong coupling between superconductivity and elasticity manifested in a strong
dependence of transition temperature on pressure, there is an additional contribution to inter-vortex interactions
due to the strain field generated by vortices. When vortex lines are along the c axis of a tetragonal crystal, a
square vortex lattice (VL) is favored at low vortex densities, because the vortex-induced strains contribution to
the inter-vortex interactions is long range. At intermediate magnetic fields, the triangular lattice is stabilized.
The triangular lattice evolves to the square lattice upon increasing magnetic field, and eventually the system
locks to the square structure. We argue, however, that as magnetic field approaches the upper critical field Hc2
the elastic inter-vortex interactions disappear faster than the standard London interactions, so that VL should
return to the triangular structure. Our results are compared to VLs observed in the heavy fermion superconductor
CeCoIn5.
I. INTRODUCTION
Vortices are topological excitations in superconductors un-
der magnetic field and they organize in periodic lattices due to
the mutual interaction. In isotropic superconductors, the vor-
tices form hexagonal lattices stabilized by the repulsive mag-
netic interaction. The energy difference between triangular
and square lattices is extremely small [1, 2], therefore the VLs
are sensitive to higher order interaction terms. It was shown
that VL evolves from a triangular to a square lattice upon in-
creasing magnetic field in tetragonal non-magnetic borocar-
bides due to nonlocality of the relation between supercurrent
and vector potential and the Fermi surface anisotropy [3, 4],
see Ref. 5 for a review. The original theories of these struc-
tural transitions are based on small nonlocal corrections to the
London theory. It was later extended to Ginzburg-Landau ap-
proach to investigate the VLs near the upper critical field Hc2
[6]. In another development, thermal fluctuations of vortex
positions were shown to substantially change the phase dia-
gram of triangle-to-square transition [7]. In particular, these
studies have demonstrated an extreme sensitivity of VL struc-
tures to small perturbations in inter-vortex interactions. As
a result, interpretation of experimentally observed VL struc-
tures is extremely difficult, because the inter-vortex interac-
tion depends on crystal anisotropy, pairing symmetry, multi-
band characteristics [8], and the possible coexistence of su-
perconductivity with magnetic order [9]. Despite the decades
of effort, the question of VL structures is far from being re-
solved. To demonstrate that, the example of Nb, the classical
type-II superconductor, is quite illuminating [10]. In this work
we discuss yet another source which may affect VL structures
and even cause the structural transitions: weak elastic crystal
perturbations induced by vortices. Square lattice is also fa-
vored in models of high-Tc superconductors when both the s-
and d-wave components are present [11].
A vortex can perturb the strain field of the crystal that in-
duces additional interactions between vortices [12–17]. In a
simple picture, nucleation of the normal vortex core which
has a different density than the surrounding superconductor,
induces a strain field. This strain decays as a power of the
distance from the vortex core and mediates long-range inter-
action between vortices. The strain-induced interaction fol-
lows the crystal symmetry. For instance, for vortices directed
along the c axis in tetragonal crystal, the strain-induced inter-
action has four-fold rotational symmetry in the ab plane. It is
shown below that because of the long-range nature, the strain-
induced interaction, its weakness notwithstanding, dominates
over the short-range magnetic interaction at very small vortex
densities (or low magnetic inductions B) and at sufficiently
high vortex densities where the elastic part of the free energy
increases as B2, whereas the standard contribution of inter-
vortex interactions to the free energy scales as B.
The coupling between superconductivity and elasticity is
characterized by the rate of change of the critical temper-
ature Tc with respect to stress/pressure p, i.e. by deriva-
tives dTc/dp. It was argued in Ref. [12] that in NbSe2 with
dTc/dp ≈ 0.5 K/GPa, the magneto-elastic interactions might
be responsible for observed VL structures. In a heavy-fermion
superconductor CeCoIn5, dTc/dp ≈ 0.3 K/GPa. [18] For iron-
based materials, dTc/dp is on the order of K/GPa and varies
with doping. In some of those, e.g. in Ca(Fe1−xCox)2As2,
dTc/dp ≈ −60 K/GPa which is by two orders of magnitude
larger than common values [19]. Hence, all these materials
are good candidates for observing the vortex structure evolu-
tion and transitions caused by strain induced interactions.
The elastic contribution to intervortex interaction in tetrag-
onal materials has been discussed in Ref. 14. However, the VL
structures in the presence of the new interaction have not been
studied. The present work aims to fill this gap. We will also
discuss the possible relevance of strain-induced interaction to
the VL transitions observed by small angle neutron scattering
in CeCoIn5 [20–22].
II. MODEL
Within our model, the total energy density F associated
with the VL consists of the superconducting contribution Fm
and the elastic energy density
Fe = λiklmuikulm/2, (1)
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2where λiklm are elastic moduli and uik are strains. Summa-
tion over repeated indices is implied throughout the paper.
We will focus on tetragonal crystals. For brevity we denote
the six independent moduli in the crystal frame (a, b, c) as:
λaaaa = λbbbb = λ1, λaabb = λ2, λabab = λ3, λcccc = λ4,
λaacc = λbbcc = λ5 and λacac = λbcbc = λ6 [23]. We do not use
the common two-indices notation of elastic moduli because of
the symmetry restrictions. The transformations of the 4th rank
tensor λiklm are more transparent in the form adopted in Ref.
23.
Within the London approximation, we have for the mag-
netic and kinetic parts of the superconducting free energy den-
sity [24, 25]:
8piFm = h2 + λ2Lmik(∇ × h)i(∇ × h)k. (2)
where h is the local magnetic field, the mass tensor mik ac-
counts for the uniaxial anisotropy, and λL is the geometric av-
erage of the penetration depths.
We take the Bardeen-Stephen approximation for the vortex
core as a normal region of size of ξ [26]. The crystal expands
or shrinks in the normal region: (Vn − Vs)/Vs = Hc∂pHc/4pi,
where Vn,s are the specific volumes of the normal and su-
perconducting phases, p is the pressure, and Hc is the ther-
modynamic critical field [27]. One can consider the vortex
as a point (line) source in two (three) dimensions, which in-
duces the strain field [12]. This London-type model is, of
course, oversimplified and works far from the upper critical
field Hc2(T ) and for λL  ξ.
Let vortex lines be directed along the unit vector l =
(cosϕ sin θ, sinϕ sin θ, cos θ) in the tetragonal crystal frame
(θ is the angle between c and l, ϕ is the angle between the a
axis and the projection of l onto the ab plane). We introduce
also the “vortex frame” (X, Y, Z) such that the Z direction is
along the vortex line. A vector V in the rotated frame is re-
lated to the vector v in the crystal frame by a rotation v = OˆV,
with
Oˆ =
 − sinϕ − cos θ cosϕ cosϕ sin θcosϕ − cos θ sinϕ sin θ sinϕ
0 sin θ cos θ
 . (3)
The strain tensor uik in the crystal frame is related to that Uαβ,
with α, β = X, Y, Z, in the rotated frame according to
uik =
1
2
(
OiαOkβ + OkαOiβ
)
Uαβ, (4)
and the elastic moduli Λαβγη in the rotated frame are
Λαβγη ≡ λiklm4
(
OiαOkβ + OkαOiβ
) (
OlγOmη + OmγOlη
)
. (5)
The stress tensor σαβ is
σαβ = ∂Fe/∂Uαβ = ΛαβγηUγη. (6)
It is argued in Ref. [14] that for the vortex orientation l
along the principal crystal directions, the problem of elas-
tic perturbation caused by straight vortices can be consid-
ered as planar, i.e. the deformations U ⊥ l everywhere and
the strains UαZ = 0. The elasticity problem then simpli-
fies considerably, and below we consider two vortex orien-
tations: l ‖ c and l ⊥ c. In the first case the vortex frame
coincides with the crystal frame, the corresponding elastic
moduli are listed above. The elastic moduli in the second
case are compiled in Appendix A. In both cases, we have
ΛXXXY = ΛXXYX = ΛYYXY = ΛYYYYX = ΛZZXY = ΛZZYX = 0.
As always in planar problems, the components of the stress
tensor are not independent [23]. After a simple algebra, one
can exclude Uγη from Eqs. (6) to obtain:
σZZ =
(D2
d
− 1
)
σXX +
(D1
d
− 1
)
σYY , (7)
D1 = d + ΛZZYYΛXXXX − ΛZZXXΛXXYY , (8)
D2 = d + ΛZZXXΛYYYY − ΛZZYYΛXXYY , (9)
d = ΛXXXXΛYYYY − Λ2XXYY . (10)
Equilibrium conditions ∂σαβ/∂Xβ = 0 read:
∂σXX
∂X
+
∂σXY
∂Y
= 0,
∂σYX
∂X
+
∂σYY
∂Y
= 0 . (11)
The solution can be written as
σXX =
∂2χ
∂Y2
, σYY =
∂2χ
∂X2
, σXY = − ∂
2χ
∂X∂Y
, (12)
with an arbitrary function χ(X,Y) [23].
Using the condition σαα = −3p, we obtain for χ(X,Y):
D1
d
∂2χ
∂X2
+
D2
d
∂2χ
∂Y2
= −3p. (13)
To calculate the stress field induced by a vortex in otherwise
unrestrained sample, we note that the pressure p = 0 while the
vortex can be considered as a singular source of the stress field
[14]. Because the stress field is long-ranged, we can approx-
imate the source term using a delta function, 2piS 0δ(R − Rv)
with Rv = (Xv, Yv) being the vortex position [14]. Equation
(13) with a delta-source can be solved by the two-dimensional
Fourier transform, and both σαβ(Rv, k) and Uαβ(Rv, k) can be
calculated
σXX(k) =
d2piS 0k2Y
D1k2X + D2k
2
Y
, σYY (k) =
d2piS 0k2X
D1k2X + D2k
2
Y
,
σXY (k) = − d2piS 0kXkY
D1k2X + D2k
2
Y
,
UYX(k) =
−pidS 0kXkY
(D1k2X + D2k
2
Y )ΛXYXY
,
UXX(k) =
2piS 0(ΛYYYYk2Y − ΛXXYYk2X)
D1k2X + D2k
2
Y
,
UYY (k) =
2piS 0(ΛXXXXk2X − ΛXXYYk2Y )
D1k2X + D2k
2
Y
.
(14)
The elastic contribution to the interaction energy (per unit
length) of a vortex at the origin and another one at Rv is
Ee(Rv) =
∫
d2k
4pi2
σαβ (0, k)Uαβ (Rv,−k) . (15)
3For VL along the c axis, θ = 0, D1 = D2 = D, the strain
induced interaction becomes
Ee(Rv) =
(S 0
D
)2
d
(
λ1 + λ2 − d2λ3
) ∫
d2k
k4X + k
4
Y
k4
e−ik·Rv
=
(S 0
D
)2 pid
R2vλ3
(λ1 + λ2) (2λ3 − λ1 + λ2) cos(4φ),
(16)
where the azimuth of the second vortex position is φ =
tan−1(Yv/Xv). The interaction decays as 1/R2v and has four-
fold rotational symmetry. When 2λ3 − λ1 + λ2 > 0, the elastic
interaction changes from repulsion at φ = 0 to attraction at
φ = pi/4. There is no angular independent contribution in Eq.
(16), indicating the absence of elastic contribution to vortex-
vortex interactions in isotropic superconductors. For instance,
it was shown that vortices along the c-axis of hexagonal crys-
tals do not interact elastically [12].
For VL along the ab plane, the straightforward algebra re-
sults in
Ee(Rv) =
(
dS 0
D2
)2 ∫
d2ke−ik·Rv
fX
(
D1D−12 k
2
X
)2
+ fYk4Y(
D1D−12 k
2
X + k
2
Y
)2
=
(
dS 0
D2
)2 pi√D2D−11
X2vD2D
−1
1 + Y
2
v
[ f+ cos(4φ′) + 2 f− cos(2φ′)], (17)
where
fX =
ΛXXXX
d
−
(
1
ΛXYXY
− 2ΛXXYY
d
)
D2
2D1
, (18)
fY =
ΛYYYY
d
−
(
1
ΛXYXY
− 2ΛXXYY
d
)
D2
2D1
, (19)
f± = fY ± fX , φ′ = tan−1
(√
D1D−12 Yv/Xv
)
. (20)
This interaction has the two-fold rotational symmetry. The
strain induced interaction depends on the vortex orientation
through Λαβγη(ϕ).
III. VORTEX LATTICES
By minimizing the total interaction energy we obtain the
equilibrium VL configuration. For vortices along the c axis,
the lattice unit cell is a rhombus. We consider two vortex con-
figurations with the rhombus diagonal either along [100] or
[110] directions. The unit cell vectors of the reciprocal lattice
with the rhombus diagonal in [100] are
G1,2 =
2pi
a sin β
[
sin
(
β
2
)
xˆ ± cos
(
β
2
)
yˆ
]
. (21)
For the rhombus diagonal in [110], we have
G1,2 =
2pi
a sin β
[
sin
(
β
2
∓ pi
4
)
xˆ ± cos
(
β
2
∓ pi
4
)
yˆ
]
, (22)
where β is the apex angle and xˆ, yˆ are unit vectors along the
crystal directions a, b. The length a =
√
Φ0/B sin β relates to
the VL size in real space, where Φ0 is the flux quantum and B
is the magnetic induction.
The free energy density can be expressed as a sum over the
reciprocal lattice, see e.g. [25]:
F =
B2
8pi
∑
G,0
 e−G2/G2m1 +G2λ2ab + η
G4x +G
4
y
G4
e−G
2/G2e
 , (23)
where we introduced two cutoffs, Gm and Ge, for the mag-
netic and elastic contributions in divergent sums. Meanwhile
we have excluded the contribution from G = 0 component.
The magnetic contribution at G = 0 is the magnetic static en-
ergy for a uniform magnetic field, which does not determine
the profile of vortex lattice. The elastic contribution diverges
at G = 0, which is unphysical. This divergence is avoided by
the strain produced by external pressure, in analogy to the re-
quirement of charge neutrality in electrostatic problem. Here,
the factor
η =
16pi3S 20d
Φ20D
2
(
λ1 + λ2 − d2λ3
)
, (24)
characterizes the strain contribution to the inter-vortex inter-
action. Here λab and λc, ξab, ξc discussed below are the
anisotropic London penetration depth and superconducting
coherence length respectively.
We roughly estimate η ∼ S 20/Φ20λ˜, where λ˜ is the order of
magnitude of elastic constants. Here S 0 ∼ λ˜ξ2ab H
2
c
Tc
dTc
dp
(
ln λab
ξab
)2
.
For dTc/dp ≈ 1 K/GPa, Hc = 1 T and λ˜ ∼ 1012 erg/cm3, we
obtain η ∼ 5 × 10−4 [14].
We perform numerical summation in Eq. (23) to obtain β
corresponding to minimum energy for a given magnetic field.
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FIG. 1. (color online) The equilibrium apex angle β of the rhombic
unit cell for vortex lines along c. Vortices form a square lattice both
at low and high fields, and the VL is triangular at intermediate fields.
For comparison, the results for two different Ge’s are displayed. The
field at the transition from the triangular to square VL at higher field
increases when Ge is reduced.
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FIG. 2. (color online) The apex angle β of the rhombic unit cell for
B ⊥ c. Insets are the sketches of the corresponding Bragg peaks of
maximum intensity in the momentum space at low and high fields.
Here ηX = 0, ηY = 0.002, γ¯ = 2, γ = 2 and κ¯ = 30.
We find that the rhombus with diagonal along [100] has lower
energy when η > 0. The results for η = 0.005 is shown in
Fig. 1. At low fields where the separation between vortices
is larger than λab, the long-range strain induced interaction is
dominant, therefore the square VL is stabilized. In interme-
diate fields, the magnetic interaction favors a triangular VL.
The triangular VL then evolves continuously to a square lat-
tice for a high vortex density, because the long-range elastic
interaction is ∝ B2, whereas the large field London interaction
energy goes as Φ0B/λ2L. Hence, at large B the elastic contri-
bution is dominant and the VL follows the crystal symmetry.
For a larger η, the intermediate region for triangular structures
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FIG. 3. (color online) The apex angle β of the rhombic unit cell
when for B ⊥ c. Inset is a sketch of the corresponding Bragg peaks
of maximum intensity in the momentum space. Here ηX = 0.001,
ηY = 0, γ¯ = 2, γ = 2 and κ¯ = 30.
VL shrinks, and eventually disappears for a sufficiently strong
elastic interaction.
We have introduced a cutoff Gm = 1/ξab for G to exclude
distances shorter than the core size ξab (or G > 1/ξab) by
adding a damping factor exp(−G2ξ2ab) in Eq. (23), the standard
procedure in the London approximation.
Since the source of the strain generated by vortex can be
related not only to the vortex core, but to the supercurrents
around it [17], the cutoff Ge in the elastic part of energy (23)
can differ from the London cutoff Gm. Numerical results and
the threshold field to stabilize the square lattice depend on
the cutoff Ge as shown in Fig. 1. Nevertheless, the qualitative
feature that the square VL is favored by the strain induced
interaction is robust against the cutoff.
As is seen from Eq. (16), the VL configuration for a nega-
tive η is related to the corresponding positive η by rotation of
the whole lattice by pi/4. Therefore in this case the diagonal
of the rhombic unit cell is along the [110].
Next, we consider vortex lines in the ab plane. Because of
the anisotropic penetration depth, the VL is no longer hexago-
nal in the absence of strain. Taking the crystal anisotropy into
account, the London contribution to the energy density is
Fm =
B2
8pi
∑
G,0
exp
(
−G2Xξ2ab −G2Yξ2c
)
1 +G2Yλ
2
ab +G
2
Xλ
2
c
, (25)
and the contribution due to strain is
Fe = 2
(
piBdS 0
Φ0D2
)2 ∑
G,0
fX(D1D−12 GX)
4 + fYG4Y
[(D1D−12 GX)2 +G
2
Y ]
2
e−G
2
Xξ
2
ab−G2Yξ2c .
(26)
We rescale the lengthGYλab → GY andGXλc → GX , such that
Fm becomes isotropic. The total energy density then reads as
F =
B2
8pi
∑
G,0
e−G
2/κ¯2
 11 + G2 + ηX
(
G2X γ¯
−2)2 + ηYG4Y(
G2Y +G
2
X γ¯
−2
)2

(27)
with κ¯ = λab/ξc = λc/ξab and γ¯−2 = D1D−12 λ
2
ab/λ
2
c [28].
To check possible VL structure transitions, we take
ηX,Y ≡ 16pi3
(
dS 0
Φ0D2
)2
fX,Y , (28)
as free parameters to obtain the equilibrium vortex configu-
rations. We consider the VL rhombic unit cell with the di-
agonal along the X axis in the rescaled frame. The apex
angle is β. The apex angle β0, before rescaling is given by
tan(β0/2) = tan(β/2)/γ with γ = λc/λab. Below we present
the results for two typical parameters.
The equilibrium apex angle β0 for ηX = 0, ηY = 0.002,
γ = 2 and γ¯ = 2 is shown in Fig. 2. At low fields β0 ≈
83◦ and it drops to about β0 ≈ 24◦ at high fields. The jump
indicates a reorientation of the VL upon increasing field. To
relate to the neutron scattering measurements, we depict in the
inset the reciprocal unit vector in the first shell for both VL
orientations. This reorientation resembles the one observed in
CeCoIn5 for field along the [110] direction.
5The results for ηX = 0.001, ηY = 0, γ = 2 and γ¯ = 2 are dis-
played in Fig. 3. The apex angle depends weakly on the field
and there is no reorientation, similar to behavior observed in
CeCoIn5 for field along the [100] direction. We note that since
ηX and ηY depend on the field angle through Λαβγη(ϕ), it is
possible that VL reorients when field rotates in the ab plane.
IV. DISCUSSION
We expect stabilization of the square VL and the reorienta-
tion of VLs due to vortex-induced strain to occur in a broad
class of materials and in heavy fermion superconductors, in
particular.
In heavy fermion superconductors, such as CeCoIn5 and
CeRhIn5, Tc depends strongly on pressure, pointing to a pos-
sible strain-induced inter-vortex interactions which affect the
VL structures. For CeCoIn5, ∂Tc/∂p ≈ 0.3 K/GPa at the am-
bient pressure. In a large family of Fe-based materials, this
derivative is larger yet and depends on doping; in some of
them ∂Tc/∂p can be one or two orders of magnitude larger
[19].
The small angle neutron scattering data on VLs in CeCoIn5
are available [20–22]. At low fields along the c axis and low
temperatures, the VL is triangular (rhombic). Upon increasing
field, the VL becomes square. With further increase of the
magnetic field, the VL becomes triangular again.
One possible explanation to the triangular-square VL tran-
sition in CeCoIn5 could be the strain-induced intervortex in-
teraction. It is worth noting that strain-induced interactions
are not the only possible mechanism to stabilize the square
lattice. It may also be due to non-local corrections to the Lon-
don interactions due to the basic nonlocality of current-field
relation in superconductors, as has been demonstrated theoret-
ically and experimentally for borocarbides [3]. However, the
high-field square-to-triangle transition cannot be explained by
the nonlocal effects. It can be caused by fluctuations of vor-
tices near the upper critical field Hc2 [7] or by the strong Pauli
pair breaking [29].
Our London-type model is inapplicable near Hc2. Physi-
cally, near Hc2 the system is nearly uniform and there are no
inhomogeneities to cause elastic perturbations. Therefore, one
can argue that within the magneto-elastic scenario considered
here, the vortex induced strains disappear faster than the stan-
dard inter-vortex interaction when the field increases toward
Hc2(T ). The strain-induced interaction has been estimated in
[12]:
Fe ∼ λ˜
 Φ0B
16pi2λ2LTc
∂Tc
∂p
2 . (29)
The inter-vortex interaction contribution to the London free
energy density in intermediate fields is
Fm ∼ Φ0B
32pi2λ2L
ln
(Hc2
B
)
. (30)
As T increases toward Tc(B) at a fixed B, Fe ∝ 1/λ4L decreases
faster than Fm ∝ 1/λ2L. As a result VL favors the triangular
lattice because of the dominant magnetic interaction. Hence,
both the triangle-to-square evolution of VLs and the square-
to-triangle transition on approach to Hc2 can, in principle, be
attributed to the existence and variation of the vortex induced
strains.
Experimentally, for CeCoIn5 in the field parallel to [110],
the VL rotates near B ≈ 8 T, similar to that shown in Fig. 2.
For field along [100], the observed VL deforms weakly, which
is akin to behavior in Fig. 3. Unfortunately, direct comparison
between the theory and experiment is not possible at the mo-
ment because the elastic moduli of CeCoIn5 are not known.
To summarize, we have studied vortex lattice configura-
tions in tetragonal superconductors taking into account the
strain field created by vortices. When vortex lines are directed
along the c axis and for a weak vortex-strain coupling, the
square vortex lattice is stabilized both at high and low vortex
densities, while the triangular vortex lattice is favored at in-
termediate densities. In the presence of a strong vortex-strain
coupling, the square vortex lattice may be favored in the whole
field region. When vortex lines lie in the ab plane, the vor-
tex lattice can reorient with increasing magnetic field. Our
results are in qualitative agreement with the vortex evolution
and transitions in CeCoIn5.
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Appendix A: Elastic moduli in the rotated frame
With the help of Eq. (5) we evaluate the elastic moduli in
the vortex frame when the vortex axis Z is in the ab plane of a
tetragonal crystal. The azimuthal angle ϕ is the angle between
the Z and a axes and the axis Y coincides with the c axis.
ΛXXXX = [3λ1 + λ2 + 2λ3 + (λ1 − λ2 − 2λ3) cos(4ϕ)]/4,
ΛXXXZ = (λ1 − λ2 − 2λ3) sin(4ϕ)/4,
ΛXXZZ = [λ1 + 3λ2 − 2λ3 + (−λ1 + λ2 + 2λ3) cos(4ϕ)]/4,
ΛXZXZ = [λ1 − λ2 + 2λ3 + (−λ1 + λ2 + 2λ3) cos(4ϕ)]/4,
ΛXZZZ = (−λ1 + λ2 + 2λ3) sin(4ϕ)/4,
and ΛXXYY = ΛYYZZ = λ5, ΛYYYY = λ4, ΛXYXY = ΛYZYZ = λ6.
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